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It is shown that if a partial idempotent d-ary quasigroup P of order n is embedded in a d-ary 
quasigroup of order 2n, then P can also be embedded in an idempotent d-ary quasigroup of 
order 4n. 
1. Introduction 
In an earlier paper [2] we have proved that if the partial idempotent 
d-quasigroup P of order n is embedded in a d-quasigroup of order m, then P can 
be embedded in an idempotent d-quasigroup Q such that the order of Q does not 
exceed 2m if d is odd or 3m if d is even. (This was an improvement on the result 
of Lindner [5], who dealt with the case d = 3.) Applying our result to the special 
case when m = 2n, we obtain 6n or 4n as upper bounds for the order of Q, 
depending on whether d is even or odd. On the other hand, Hilton's planar 
(d = 2) construction [4] yields 4n (in contrast o our 6n). 
In the present paper we generate  Hilton's planar construction for higher 
(even) dimensions. As a result, we are able to say that if a partial idempotent 
d-quasigroup P of order n is embedded in a d-quasigroup of order 2n (as is 
always the case when d = 2 [3]) then P can be embedded in an idempotent 
d-quasigroup of order-4n (for both even and odd dimensions d). 
Cruse [1] proved that every partial d-quasigroup of order n can be embedded in 
a d-quasigroup of finite order m > n. In Cruse's construction rn is considerably 
larger than n, however, Lindner [6] has conjectured that m = 2n is 'best possible'. 
A proof of Lindner's conjecture combined with our present result would imply 
that every partial idempotent d-quasigroup of order n can be embedded in an 
idempotent d-quasigroup of order at most 4n. 
2. The construction 
From here on, we follow the notation and terminology introduced in [2]. 
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Lemma 1. For every even dimension d there exists a d-quasigroup (R, r) of order 
4 with a transversal t* such that the following conditions are satisfied: 
(i) R = (0, 1, 2, 3); 
(ii) ((0, 1}, r) is a subquasigroups of (R, r); 
(iii) t*(0) = 0; 
(iv) t*(x)• (0, 1) a implies x =0. 
Proof. Let d 1> 2 be even. Let L = {0, 1} and l(x) = ~d=l X i (mod 2) for all x • L a. 
Let (Q, q) be the product of (L, l) and (L, l). Define the transversal •: Q--~ Qa as 
follows: 
"17/(0 , 0) = (0, 0), for 1 ~ i ~< d; 
rl(0, 1)=(1,  0) and Ti(0, 1)=(1,  1), for 2<~i<-d; 
rl(1, 0 )=(1 ,  1) and ~(1, 0)=(0,  1), for 2~i<~d; 
31(1, 1)=(0,  1) and ~:~(1, )=(1,  0), for 2<-i<-d. 
Relabeling the elements (0,0), (0,1), (1,0), and (1,1) to 0, 1, 2, and 3 
respectively, we obtain the d-quasigroup and transversal with the desired 
properties. [] 
Theorem 1. If  d is even and the idempotent d-ary partial quasigroup (P, s) of 
order n is a partial subquasigroup of the d-quasigroup (S, s) of order 2n, then 
(P, s) can be embedded in an idempotent d-quasigroup of order 4n. 
Proof. First we deal with the case when n ~: 2. Let T = {0, 1 , . . . ,  n -  1}. We 
may assume that P = To (=(0} x T) and S = (0, 1} × T. Let (T, g) be an idempotent 
d-quasigroup (necessarily of order n), and let (Q, f)  be the product of (R, r) and 
(T, g), where (R, r) is as in Lemma 1. Then by Lemma 5 in [1] both (P, f )  and 
(S, f)  are subquasigroups of (Q, f), and of course (P, f )  is a subquasigroup of 
(S, f). Let t be the product of t* and AT, where t* is as in Lemma 1. If z e P, then 
z = (0, y) for some y e T, and t(z) = [t*(0), AT(y)] = Z. Thus t fixes e. 
Suppose that z = (x, y) e Q, and t(z) e s a. Then, since t(z) = [t*(x), AT(Y)], we 
must have t*(x) e (0, 1} a, and by Lemma 1 x = 0. Thus t(z) • S a implies z • P. 
Let (Q, q) be the replacement of (S, f)  by (S, s) in (Q, f). Then t is a transversal 
in (Q, q) fixing P, and by Lemma 4 of [2], (P, s) is embedded in the idempotent 
(a,  qt). 
When n = 2 the above construction does not work because no idempotent 
d-quasigroup of order 2 exists when d is even. Let us now consider the case 
when n =2. We may assume that P = (0, 1} and S = (0, 1, 2, 3}. Let r(x)= 
E/a=1 xi (mod 2) for all x • pa. Let Q = P x S and define 
q(x, y)='  
"(0, 3 -  s(y)) 
(1, s (3 -y ) )  
(1, 3 -  s(3 -y ) )  
(r(x), s(y)) 
if x = (0, 1 ,1 , . . . ,  1), 
otherwise, 
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for all x ~ pa, y ~ s a. Then (Q, q) is a quasigroup of order 8. (So, q) is isomorphic 
to (S, s) and (Po, q) is isomorphic to (P, s) via the natural isomorphism (0, x)~+x. 
Define t: Q ~ Qd as follows: 
t (0 ,  0 )  
t(O, 1) 
t(0, 2) 
t(0, 3) 
t(1, 0) 
t(1, 1) 
t(1, 2) 
t(1, 3) 
=[(o, o , . .  
=[(o, o , . .  
=[ (1 ,1 , . .  
=[ (1 ,1 , . .  
= [(o, 1, 1, 
= [(0, 1, 1, 
=[(1,0,0,  
=[(1,0,0,  
,0) ,  (0, o, 
,0), (1,1, 
,1), (1,1, 
,1), (0,0, 
. . ,  1), (3,3, 
. . ,  1), (2,2, 
. . ,  0), (2, 2, 
. . ,  0), (3, 3, 
. .  , 0 ) l ,  
. .  ,1 ) ] ,  
• . ,1)1, 
. .  , O) l ,  
. . ,  3)1, 
. .  , 2)1,  
. .  , 2)1,  
• . ,  3 ) ] .  
Then t is a transversal in (Q, q) fixing Po- 
embedded in the idempotent (Q, q,). [] 
Thus by Lemma 4 of [2] (P, s) is 
Theorem 2. I f  a partial idempotent d-quasigroup (P, p) of order n can be 
embedded in a d-quasigroup of order 2n, then (P, p) can also be embedded in an 
idempotent d-quasigroup of order 4n. 
Proof. If d is even the theorem is a corollary of Theorem 1. If d is odd it is a 
corollary of Theorem 1 of [2]. [] 
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